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$( \sum_{i=1}^{n}a_{i}^{2})^{1/2}(\sum_{i=1}^{n}b_{i}^{2})$ $\leq\frac{\lrcorner tI+m}{2\sqrt{\lrcorner \mathfrak{h}Im}}\sum_{i=1}^{n}a_{i}b_{i}$ (5)
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Cauchy
(2)
$\frac{\sqrt{\lrcorner|I}+\sqrt{m}}{2\sqrt[4]{1\iota[\gamma\gamma l}}\sum_{i=1}^{n}$ $a_{i}b_{i}$ (6)
Cauchy
Eun-Young Lee [8] Cauchy (2)
$\{A_{i}\}_{i=1}^{n}$ $\{B_{i}\}_{i=1}^{n}$ Cauchy
:
$\sum_{i=1}^{n}A_{i}\# B_{i}\leq(\sum_{i=1}^{n}A_{i})\#$ $( \sum_{i=1}^{n}B_{i})$ . (7)
$\#$ $[7]_{0}$ $A$ $B$
$A\# B=A^{1/2}(A^{-1/2}BA^{-1/2})^{1/2}A^{1/2}$ .






$0<n\tau A\leq B\leq\Lambda IA$ for some scalars $0<m<M$ (8)
Lee sandwich condition
Lee Cauchy
Theorem 1 (Eun-Young Lee(2009)). Let $A_{i},$ $B_{i}$ be positive definite matrices such that
$mA_{i}\leq B_{i}\leq ilIA_{i}$ for some scalars $0<m\leq\lrcorner lI$ and $i=1,2,$ $\cdots,$ $n$ . Then
$( \sum_{i=1}^{n}A_{i})\#(\sum_{i=1}^{n}B_{i})\leq\frac{\sqrt{\Lambda I}+\sqrt{m}}{2\sqrt[4]{\lrcorner|Im}}\sum_{i=1}^{n}A_{i}\# B_{i}$.
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Theorem 2. Let $A_{i},$ $B_{i}$ be positive definite matnces such that $mA_{i}\leq B_{i}\leq\Lambda IA_{i}$ for some
scalars $0<m\leq M$ and $i=1,2$ . $\cdots.n$ . Then
$( \sum_{i=1}^{n}A_{i})\#(\sum_{i=1}^{n}B_{i})-\sum_{i=1}^{n}A_{i}\# B_{i}\leq\frac{(\sqrt{NI}-\sqrt{m})^{2}}{4(\sqrt{\Lambda I}+\sqrt{m})}\sum_{i=1}^{n}A_{i}$.
2
Cauchy-Schwar $z$ $x,$ $y$
$|(x, y)|\leq\Vert x\Vert\Vert y\Vert$ .
Kantorovich
Lemma 3. Let $Z$ be a positive definite matrix such that $m\leq Z\leq\lrcorner lI$ for some scalars
$0<m\leq\Lambda I$ . Then
$\Vert Zh\Vert\Vert h\Vert-(Zh, h)\leq\frac{(\lrcorner \mathfrak{h}[-m)^{2}}{4(\Lambda I+m)}\Vert h\Vert^{2}$ (9)
for every vector $h$ .
Bourin [3]
$H$ $S$ $Z$ $S$ $Z_{S}$ $\Lambda I’$ $m’$ $Z_{S}$
$\frac{(\Lambda I-m)^{2}}{4(\lrcorner\backslash I+m)}\geq\frac{(\Lambda I’-m’)^{2}}{4(\lrcorner \mathfrak{h}I’+m’)}$
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$m\leq m’\leq\Lambda I’\leq M$
$\frac{(\lrcorner \mathfrak{h}I-m)^{2}}{4(M+m)}-\frac{(\Lambda I’-m’)^{2}}{4(\Lambda- I’+m’)}=\frac{1}{2}(\frac{\Lambda\prime I+m}{2}-\frac{2\Lambda Im}{\Lambda I+m})-\frac{1}{2}(\frac{\lrcorner\iota c’+m’}{2}-\frac{2\Lambda I’m’}{\Lambda I’+m’})$
$=(M- \Lambda I’)\frac{(\Lambda l+m)(\Lambda l’+m’)-4mm’}{4(\Lambda I+m)(\Lambda I’+m’)}+(m’-m)\frac{4\Lambda l\Lambda I’-(\Lambda I+m)(\Lambda I’+m’)}{4(hI+m)(\Lambda I’+m’)}$
$\geq 0$ .
$S=$ span$\{h, Zh\}$ Zs (9)
$H$ $2$ $\Vert h\Vert=1$ 1
$e,$ $f$ $x\in[0,1]$
$Z=\Lambda Ie\otimes e+mf\otimes f$ and $h=xe+\sqrt{1-x^{2}}f$
$y\in[0,1]$ $x^{2}=y$








Lemma 4. Let $A$ and $B$ be positive definite $mat\uparrow’ ices$ such that $mA\leq B\leq MA$ for some
scalars $0<m\leq M$ and let $\Phi$ : $\Lambda I_{n}(\mathbb{C})\mapsto\Lambda I_{k}(\mathbb{C})$ be a positive linear map. Then
$\Phi(A)\#\Phi(B)-\Phi(A\# B)\leq\frac{(\sqrt{\Lambda f}-\sqrt{m})^{2}}{4(\sqrt{\Lambda I}+\sqrt{m})}\Phi(A)$ . (10)







Theorem 5. Let $A$ and $B$ be positive invertible operators on a Hilbert space $H$ such that
$mA\leq B\leq MA$ for some scalars $0<m\leq\Lambda I$ and let $\Phi$ : $B(H)\mapsto B(K)$ be a positive
linear map. Then







$f(t)=(t-\lambda)^{2}$ on $[\sqrt{m}, \sqrt{\Lambda I}]$ .
$x$ $t=\lambda$
$t=\sqrt{m}$ $t=$ $\sqrt{}$
$(C^{\frac{1}{2}}- \lambda I)^{2}\leq(\sqrt{m}-\lambda)^{2}I=(\sqrt{\lrcorner lI}-\lambda)^{2}I=(\frac{\sqrt{\Lambda I}-\sqrt{m}}{2})^{2}$ (12)
$\rho$
$2 \lambda p=2\frac{\sqrt{\Lambda I}+\sqrt{m}(\sqrt{\Lambda I}-\sqrt{m})^{2}}{24(\sqrt{\Lambda I}+\sqrt{m})}=\frac{(\sqrt{1\uparrow[}-\sqrt{m})^{2}}{4}=(\frac{\sqrt{\Lambda I}-\sqrt{m}}{2}I^{2}\cdot$
$A \# B\leq\frac{A+B}{2}$
(12)
















$\{A_{i}\}_{i=1}^{n}$ $\{B_{i}\}_{i=1^{\text{ }}}^{n}$ $\alpha\in[0,1]$























$F(m)=(1- \alpha)(\frac{jlI^{c1}-m^{\alpha}}{\alpha(\Lambda I-m)})^{\frac{\alpha}{\alpha-1}}+\alpha\frac{\Lambda I^{o}-m^{\alpha}}{c\nu(\Lambda I-m)}m-m^{o}$
$=(1- \alpha.)(\frac{\lrcorner\iota I^{\alpha}-m^{o}}{\alpha(\Lambda I-m)})^{\frac{o}{\alpha- 1}}+\frac{\Lambda I^{o}m-\Lambda Im^{\mathfrak{a}}}{\lrcorner\iota I-m}$
$=-C(m. \lrcorner\# f.\alpha)$
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$C(/\prime 7,1\backslash I.\alpha)$ Kantorovich
$(1-\alpha)\lambda^{\alpha}+\alpha\lambda^{\alpha-1}C\leq C^{\alpha}-C(n?$ ill, $\alpha)I$
$A^{1/2}\cdot A^{1/2}$
$(1-\alpha)\lambda^{\alpha}A+\alpha\lambda^{\alpha-1}B\leq A\#\alpha B-C(m, \Lambda I, \alpha)A$
$\Phi$
$(1-\alpha)\lambda^{\alpha}\Phi(A)+\alpha\lambda^{\alpha-1}\Phi(B)\leq\Phi(A\# oB)-C(m, \Lambda I, \alpha)\Phi(A)$
$(1-(y)\lambda^{\alpha}\Phi(A)+\alpha\lambda^{\alpha-1}\Phi(B)\geq\Phi(A)\#_{\mathfrak{a}}\Phi(B)$
Theorem 6. Let $A$ and $B$ be positive operators such that $mA\leq B\leq MA$ for some
scalars $0<m\leq M$ and let $\Phi$ : $B(H)\mapsto B(K)$ be a positive linear map. Then for each
$\alpha\in[0,1]$
$\Phi(A)\#_{\alpha}\Phi(B)-\Phi(A\#_{\alpha}B)\leq-C(m, M, \alpha)\Phi(A)$ (14)
where
$C(m, ilI, \alpha)=(\alpha-1)(\frac{\Lambda I^{o}-m^{o}}{\alpha(M-m)})^{\frac{\alpha}{a-1}}+\frac{\Lambda\prime Im^{\alpha}-mM^{\alpha}}{\Lambda I-m}$ .
In particular, if we put $c v=\frac{1}{2}$ in Theorem 6, then we have Theorem 1.
Theorem 6 sharp
$\alpha\in[0,1]$
$\Phi(A)\#_{\alpha}\Phi(B)-\Phi(A\#$ $B)=-C(m, M, \alpha)\Phi(A)$
$A,$ $B$ $\Phi$
$\Phi$ : $\Lambda I_{2}(\mathbb{C})\mapsto \mathbb{C}$
$\Phi(X)=rx_{11}+(1-r)x_{22}$ for $X=(\begin{array}{ll}x_{11} x_{12}x_{21} x_{22}\end{array})$ with $0<r<1$
$A$ $B$
$A=(\begin{array}{ll}1 00 1\end{array})$ and $B=(\begin{array}{ll}\Lambda I 00 m\end{array})$ ,
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sandwich condition $mA\leq B\leq\Lambda fA$
$\Phi(A)\#0\Phi(B)=(m+r(\Lambda I-m))^{o}$
$\Phi(A\# oB)=m^{\alpha}+r(\Lambda I^{a}-m^{o})$
$r= \frac{1}{\Lambda I-m}(\frac{\Lambda I^{o}-n\iota^{o}}{\alpha(\lrcorner \mathfrak{h}[-nt)})^{\frac{1}{o- 1}}-\frac{m}{\Lambda\cdot I-m}$
$r$ $0<r<1$
$\Phi(A)\#0\Phi(B)-\Phi(A\#$ $B)=(m+r(\Lambda I-m))^{\alpha}-m^{\mathfrak{a}}-r(\Lambda I^{o}-m^{\alpha})$
$=-C(m, \Lambda I, \alpha)$
$=-C(m, A\# I, \alpha)\Phi(A)$
Theorem 7. Let $A$ and $B$ be positive operators on a Hilbert space $H$ such that $mA\leq$
$B\leq\lrcorner\eta[A$ for some scalars $0<m\leq\Lambda I$ and let $\Phi$ be a positive linear map. Then for each
operator mean $\sigma_{f}$
$\Phi(A)\sigma_{f}\Phi(B)-\Phi(A\sigma_{f}B)$
$\leq(\frac{f(\Lambda I)-f(m)}{\Lambda I-m}(m-\lambda_{0})+f(\lambda_{0})-f(m))\Phi(A)$ .
where $\lambda_{0}$ is a unique solution of $f’( \lambda)=\frac{f(\Lambda I)-f(m)}{\Lambda I-,n}$ and $m<\lambda_{0}<\Lambda I$ .
H\"older
Theorem 8. Let $A_{i},$ $B_{i}$ be positive operators on a Hilbert space $H$ such that $mA_{i}\leq B_{i}\leq$
$\lrcorner lIA_{i}$ for some scalars $0<m\leq\lrcorner\backslash I$ and $i=1.2$ . $\cdots,$ $n$ . Then for every operator mean $\sigma_{f}$
$( \sum_{i=1}^{n}A_{i})\sigma_{f}(\sum_{i=1}^{n}B_{i})-\sum_{i=1}^{n}A_{i}\sigma_{f}B_{i}$
$\leq(\frac{f(\Lambda I)-f(m)}{\Lambda I-nl}(m-\lambda_{0})+f(\lambda_{0})-f(m))\sum_{i=1}^{n}A_{i}$ ,
where $\lambda_{0}$ is the unique solution such that $f’( \lambda_{0})=\frac{f(\Lambda I)-f(m)}{\Lambda I-m}$ and $77?<\lambda_{0}<Al.$
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